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Abstract
In the present paper, we construct and investigate a variant of modified (p, q)-Baskakov operators, which reproduce the test
function x2. The order of approximation of the operators via K-functional and second order, usual modulus of continuity,
weighted approximation properties are disscussed. In the end some graphical results, comparison with (p, q)-Baskakov
operators is explained.
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1. Introduction
The theory of approximation is a very extensive field and the study of the approximation via q−calculus and (p, q)−calculus
is of great mathematical interest and of great practical importance. Positive approximation processes play an important role
in Approximation Theory and appear in a very natural way dealing with approximation of continuous functions, especially
one, which requires further qualitative properties such as monotonicity, convexity and shape preservation and so on. In
recent years lot of research is being done on the positive linear operators based on q- calculus (See [7],[14],[15],[16]) and
(p, q)−calculus (See [4],[5], [12],[13]).
Basics of (p, q)−calculus is:
Assume 0 < q < p ≤ 1, for any non-negative integer n,the (p, q)−integer [n]p,q, (p, q)−factorial [n]p,q!, (p, q)− binomial
coefficient, (p, q)− power expansion, (p, q)−derivative is defined as
[n]p,q :=
pn − qn
p− q ,
[n]p,q! := [n]p,q[n− 1]p,q[n− 2]p,q . . . 1,[
n
k
]
p,q
:=
[n]p,q!
[k]p,q![n− k]p,q! ,
(ax+ by)np,q :=
n∑
k=0
[
n
k
]
p,q
an−kbkxn−kyk,
(x+ y)np,q := (x+ y)(px+ qy)(p
2x+ q2y) . . . (pn−1x+ qn−1y) =
n−1∏
j=0
(pjx+ qjy)
(Dp,qf)(x) :=
f(px)− f(qx)
(p− q)x , x 6= 0, (Dp,qf)(0) := f
′
(0)
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provided that f is differentiable at 0.
(p, q)− derivative of product of two functions u(x) and v(x) is
Dp,q(u(x)v(x)) := Dp,q(u(x))v(qx) + u(qx)Dp,q(v(x)).
For more details about (p, q)− calculus readers may refer ([8]-[10],[17]).
2. Construction
Baskakov operators and their q-analogue as in ([1],[11]) has been studied in order to approximate functions over unbounded
intervals. The (p, q)-analogue of Baskakov operators for x ∈ [0,∞) and 0 < q < p ≤ 1 is defined as in ([2]-[3])
Bn,p,q(f ;x) =
n∑
k=0
[
n+ k − 1
k
]
p,q
pk+n(n−1)/2qk(k−1)/2
xk
(1⊕ x)n+kp,q
f
(
pn−1[k]p,q
qk−1[n]p,q
)
(2.1)
and its moments are
Lemma 1. For 0 < q < p ≤ 1 and n ∈ N. We have
Bn,p,q(1;x) = 1, Bn,p,q(t;x) = x, Bn,p,q(t
2;x) = x2 +
pn−1x
[n]p,q
(
1 +
p
q
x
)
Motivated by it, we propose the King type modification of (p, q)-analogue of Baskakov operators which preserves x2 as
B∗n,p,q(f ;x) =
n∑
k=0
[
n+ k − 1
k
]
p,q
pk+n(n−1)/2qk(k−1)/2
rkn(x)
(1⊕ rn(x))n+kp,q
f
(
pn−1[k]p,q
qk−1[n]p,q
)
(2.2)
where
rn(x) =
−pn−1 +√p2n−2 + 4[n]p,q([n]p,q + pn/q)x2
2([n]p,q + pn/q)
, rn(x) ≥ 0, x ∈ [0,∞)
Lemma 2. For 0 < q < p ≤ 1 and n ∈ N. We have
B∗n,p,q(1;x) = 1, B
∗
n,p,q(t;x) = rn(x), B
∗
n,p,q(t
2;x) = x2. (2.3)
Lemma 3. For 0 < q < p ≤ 1 and n ∈ N. We have
B∗n,p,q(t− x;x) = rn(x)− x, (2.4)
B∗n,p,q
(
(t− x)2;x) = 2x2 − 2xrn(x), (2.5)
and
B∗n,p,q(t− x;x) ≤

√
pn
q − p
n
q
√
[n]p,q√
[n]p,q +
pn
q
√
[n]p,q
x,
B∗n,p,q
(
(t− x)2;x) ≤ 2
(√
pn
q − p
n
q
√
[n]p,q
)
x2√
[n]p,q +
pn
q
√
[n]p,q
+
pn−1x
pn
q + [n]p,q
. (2.6)
Proof. The first two equalities are clear from Lemma 2. For the inequalities, using 2.2,2.4 and 2.5. We can write
|B∗n,p,q(t− x;x)| =
∣∣∣∣∣−pn−1 +
√
p2n−2 + 4[n]p,q([n]p,q + pn/q)x2
2([n]p,q + pn/q)
− x
∣∣∣∣∣
2
≤
√
pn
q − p
n
q
√
[n]p,q√
[n]p,q +
pn
q
√
[n]p,q
x,
and
B∗n,p,q
(
(t− x)2;x) = 2x2 − x(−pn−1 +√p2n−2 + 4[n]p,q([n]p,q + pn/q)x2
([n]p,q + pn/q)
)
=
2x2([n]p,q + p
n/q) + xpn−1 − x√p2n−2 + 4[n]p,q([n]p,q + pn/q)x2
([n]p,q + pn/q)
≤
2
(√
pn
q − p
n
q
√
[n]p,q
)
x2√
[n]p,q +
pn
q
√
[n]p,q
+
pn−1x
pn
q + [n]p,q
.
3. Approximation Properties of B∗n,p,qf
Now we will study the weighted approximation theorem for the operator 2.2. Considering the following defintions
· CB [0,∞) is the space of real-valued uniformly continuous and bounded functions f defined on the interval [0,∞).
· Norm ‖ · ‖ on the space CB [0,∞) is given by
‖f‖ = sup
o≤x<∞
|f(x)|.
· K− functional is
K2(f, δ) = inf
g W2
{‖f − g‖+ δ‖g′′‖},
where δ > 0 and W2 = {g ∈ CB [0,∞) : g, g′′ ∈ CB [0,∞)}. By [[6], p-177, Theorem 2.4] we have an absolute constant
C > 0 such that
K2(f, δ) ≤ Cω2(f,
√
δ). (3.1)
· The second order modulus of smoothness of f ∈ CB [0,∞) is
ω2(f, δ) = sup
0≤h≤√δ
sup
0≤x<∞
|f(x+ 2h)− 2f(x+ h) + f(x)|,
and the usual modulus of continuity is given by
ω(f, δ) = sup
0≤h≤δ
sup
0≤x<∞
|f(x+ h)− f(x)|.
· Bm[0,∞) is the space of all functions satisfying |f(x)| ≤ Mf (1 + xm), x ∈ [0,∞),m > 0,Mf is a constant depending
on f , and Cm[0,∞) = Bm[0,∞) ∩ C[0,∞).
· The norm for f ∈ Cm[0,∞) is
‖f‖m = sup
x≥0
|f(x)|
1 + xm
.
·
C∗m[0,∞) =
{
f ∈ Cm[0,∞) : |f(x)|
1 + xm
<∞
}
.
Theorem 1. Let q = qn ∈ (0, 1), p = pn ∈ (0, 1] such that qn → 1, pn → 1 as n→∞. Then for each function f ∈ C∗2 [0,∞)
we get
lim
n→∞ ‖B
∗
n,pn,qnf − f‖2 = 0.
3
Proof. As per weighted Korovkin theorem, it is sufficient to verify the following 3 conditions:
lim
n→∞ ‖B
∗
n,pn,qnei − ei‖2 = 0, i = 0, 1, 2. (3.2)
From 2.3, 3.2 hold for i = 0. For i = 1, 2, using 2.4-2.6 we have, as n→∞
‖B∗n,pn,qne1 − e1‖2 = sup
x≥0
rn(x)− x
1 + x2
≤ sup
x≥0
x
1 + x2

√
pnn
qn
− pnn
qn
√
[n]pn,qn√
[n]pn,qn +
pnn
qn
√
[n]pn,qn

≤

√
pnn
qn
− pnn
qn
√
[n]pn,qn√
[n]pn,qn +
pnn
qn
√
[n]pn,qn
 −→ 0
and
‖B∗n,pn,qne2 − e2‖2 ≤ sup
x≥0
2
(√
pnn
qn
− p
n
n
qn
√
[n]pn,qn
)
x2
√
[n]pn,qn+
pnn
qn
√
[n]pn,qn
+
pn−1n x
pnn
qn
+[n]pn,qn
1 + x2
≤
2
(√
pnn
qn
− pnn
qn
√
[n]pn,qn
)
√
[n]pn,qn +
pnn
qn
√
[n]pn,qn
+
pn−1n
pnn
qn
+ [n]pn,qn
−→ 0
Theorem 2. Let p, q ∈ (0, 1) such that 0 < q < p ≤ 1. Then we have
|B∗n,p,q(f ;x)| ≤Mω2(f,
√
δn(x)) + ω
f,
√
pn
q − p
n
q
√
[n]p,q√
[n]p,q +
pn
q
√
[n]p,q
x
 ,
where x ∈ [0,∞), f ∈ CB [0,∞) and δn(x) =
3
(√
pn
q − p
n
q
√
[n]p,q
)
√
[n]p,q+
pn
q
√
[n]p,q
+ p
n−1x
pn
q +[n]p,q
.
Proof. Consider the auxiliary operator
Bˆ∗n,p,q(f ;x) = B
∗
n,p,q(f ;x) + f(x)− f(rn(x)). (3.3)
Hence it is clear by 2.3 that the operator 3.3 are linear and
Bˆ∗n,p,q(1;x) = B
∗
n,p,q(1;x) = 1,
Bˆ∗n,p,q(t;x) = B
∗
n,p,q(t;x) + x− rn(x) = x.
Let g ∈ W2, By classical Taylor’s expansion of g ∈ W2 gives for t ∈ R+ that
g(t) = g(x) + (t− x)g′(x) +
∫ t
x
(t− u)g′′(u)du.
4
Applying with the operator 3.3 on both sides we get,
Bˆ∗n,p,q(g(t);x)− g(x) = Bˆ∗n,p,q
(∫ t
x
(t− u)g′′(u)du;x
)
.
By definition of 3.3 we have
|Bˆ∗n,p,q(g;x)− g(x)| ≤
∣∣∣∣B∗n,p,q (∫ t
x
(t− u)g′′(u)du;x
)∣∣∣∣+B∗n,p,q
(∫ rn(x)
x
(rn(x)− u)g′′(u)du;x
)
≤ ‖g′′‖ [B∗n,p,q ((t− x)2;x)+ (rn(x)− x)2]
≤ ‖g′′‖
2
(√
pn
q − p
n
q
√
[n]p,q
)
x2√
[n]p,q +
pn
q
√
[n]p,q
+
pn−1x
pn
q + [n]p,q
+ (rn(x)− x)2

≤ ‖g′′‖
2
(√
pn
q − p
n
q
√
[n]p,q
)
x2√
[n]p,q +
pn
q
√
[n]p,q
+
pn−1x
pn
q + [n]p,q
+

√
pn
q − p
n
q
√
[n]p,q√
[n]p,q +
pn
q
√
[n]p,q

2
x2

≤ ‖g′′‖
3
(√
pn
q − p
n
q
√
[n]p,q
)
x2√
[n]p,q +
pn
q
√
[n]p,q
+
pn−1x
pn
q + [n]p,q

Using 3.3, 2.2 and lemma 2 we get∣∣∣Bˆ∗n,p,q(f ;x)∣∣∣ ≤ ∣∣B∗n,p,q(f ;x)∣∣+ 2‖f‖ ≤ ‖f‖B∗n,p,q(1;x) + 2‖f‖ ≤ 3‖f‖.
We can obtain∣∣B∗n,p,q(f ;x)− f(x)∣∣ ≤ ∣∣∣Bˆ∗n,p,q(f − g;x)− (f − g)(x)∣∣∣+ ∣∣∣Bˆ∗n,p,q(g;x)− g(x)∣∣∣+ |f(x)− f(rn(x))|
≤ 4‖f − g‖+ ‖g′′‖
3
(√
pn
q − p
n
q
√
[n]p,q
)
x2√
[n]p,q +
pn
q
√
[n]p,q
+
pn−1x
pn
q + [n]p,q
+ ω(f,
√
pn
q − p
n
q
√
[n]p,q√
[n]p,q +
pn
q
√
[n]p,q
x)
Upon taking infimum on right hand side over all g ∈ W2 we have
|B∗n,p,q(f ;x)− f(x)| ≤ 4K2(f, δ) + ω
f,
√
pn
q − p
n
q
√
[n]p,q√
[n]p,q +
pn
q
√
[n]p,q
x
 .
Using inequality 3.1 we have
|B∗n,p,q(f ;x)− f(x)| ≤Mω2(f,
√
δ) + ω
f,
√
pn
q − p
n
q
√
[n]p,q√
[n]p,q +
pn
q
√
[n]p,q
x
 .
Theorem 3. Let q = qn ∈ (0, 1), p = pn ∈ (0, 1] such that qn → 1, pn → 1 as n → ∞. If f ∈ C∗m[0,∞) and let
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f∗(z) = f(z2), z ∈ [0,∞). For all t > 0 and x ≥ 0, we have
|B∗n,pn,qn(f ;x)− f(x)| ≤ 2ω
f∗,
√√√√√√2
(√
pn
q − p
n
q
√
[n]p,q
)
x√
[n]p,q +
pn
q
√
[n]p,q
+
pn−1
pn
q + [n]p,q

Proof. Let f ∈ C∗m[0,∞) is fixed. By definition of f∗ we get
B∗n,pn,qn(f ;x) = B
∗
n,pn,qn(f
∗(
√·);x).
Now, we can write
|B∗n,pn,qn(f ;x)− f(x)| = |B∗n,pn,qn(f∗(
√·);x)− f∗(√x)|
=
∣∣∣∣∣
∞∑
k=0
(
f∗
(√
pn−1n [k]pn,qn
qk−1n [n]pn,qn
)
− f∗(√x)
)
bn,k(pn, qn; rn(x))
∣∣∣∣∣
≤
∞∑
k=0
∣∣∣∣∣f∗
(√
pn−1n [k]pn,qn
qk−1n [n]pn,qn
)
− f∗(√x)
∣∣∣∣∣ bn,k(pn, qn; rn(x))
≤
∞∑
k=0
ω
(
f∗;
∣∣∣∣∣
(√
pn−1n [k]pn,qn
qk−1n [n]pn,qn
)
−√x
∣∣∣∣∣
)
bn,k(pn, qn; rn(x))
=
∞∑
k=0
ω
f∗;
∣∣∣∣(√pn−1n [k]pn,qnqk−1n [n]pn,qn
)
−√x
∣∣∣∣
Bn,pn,qn(|
√· − √x|;x) Bn,pn,qn(|
√· − √x|;x)
 bn,k(pn, qn; rn(x))
where
bn,k(pn, qn; rn(x)) =
[
n+ k − 1
k
]
pn,qn
pk+n(n−1)/2n q
k(k−1)/2
n
rkn(x)
(1⊕ rn(x))n+kpn,qn
.
Using the property of modulus of continuity
ω(f∗;αδ) ≤ (1 + α) ω(f∗; δ), α, δ ≥ 0,
we obtain
|B∗n,p,q(f ;x)− f(x)|
≤ ω(f∗;B∗n,pn,qn(|
√· − √x|;x))
∞∑
k=0
1 +
∣∣∣∣(√pn−1n [k]pn,qnqk−1n [n]pn,qn
)
−√x
∣∣∣∣
Bn,pn,qn(|
√· − √x|;x)
 bn,k(pn, qn; rn(x))
= 2ω(f∗;B∗n,pn,qn(|
√· − √x|;x))
Since 1∣∣∣∣∣
(√
p
n−1
n [k]pn,qn
q
k−1
n [n]pn,qn
)
+
√
x
∣∣∣∣∣
≤ 1√
x
and using Cauchy-Schwarz inequality, we get
B∗n,pn,qn(|
√· − √x|;x) =
∞∑
k=0
∣∣∣∣∣
(√
pn−1n [k]pn,qn
qk−1n [n]pn,qn
)
−√x
∣∣∣∣∣ bn,k(pn, qn; rn(x))
6
=∞∑
k=0
∣∣∣pn−1n [k]pn,qn
qk−1n [n]pn,qn
− x
∣∣∣(√
pn−1n [k]pn,qn
qk−1n [n]pn,qn
)
+
√
x
bn,k(pn, qn; rn(x))
≤ 1√
x
∞∑
k=0
∣∣∣∣∣pn−1n [k]pn,qnqk−1n [n]pn,qn − x
∣∣∣∣∣ bn,k(pn, qn; rn(x))
≤ 1√
x
√√√√ ∞∑
k=0
∣∣∣∣∣pn−1n [k]pn,qnqk−1n [n]pn,qn − x
∣∣∣∣∣
2
bn,k(pn, qn; rn(x))
≤ 1√
x
√
B∗n,pn,qn((· − x)2; rn(x))
≤
√√√√√√2
(√
pn
q − p
n
q
√
[n]p,q
)
x√
[n]p,q +
pn
q
√
[n]p,q
+
pn−1
pn
q + [n]p,q
which completes the proof.
4. Numerical Results
Consider the function f(x) = sinx2. We have plotted the results for this function by both operators Bn,p,q(·;x) and
B∗n,p,q(·;x) for n = 2, p = 0.9, q = 0.8. It is clear from the figure that King type (p, q)-Baskakov operator gives better
approximate to the curve.
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